



































































































1 Introduction to Data
1 1 Empirical Studies

empirical studiesdealwithpopulations processwhich are collection of units
population a collection ofunits
process a collection of units produced over time

unit an individual which we can takesome measurements

ER unit I units

Typeof empirical studies

g
sample survey titty obtained in finite population

1
observational studies BBE collect information without changevariates

E
experimental studies 3,812 5,315 2415733 2353 inference

M
gEDETAIL FYE

researchers randomly
determinedwhich

participants wereassigned towhichgroup

observational
survey

infinite ep.tt tMIA'd finite ep IN

1588111534 K S EEA o

MABEE specific passive424

gresponse
variates 4775222 lyvariates

explanatory variates HEFFEE 1 7






































































































112 Data Collection

Variate Et a characteristic of a unit at x y ZEa
continuous 244 ep.BE SEE YEE

EEE ep.TK k

categorical traps non numerical ep.IE I binary variable o I

ordinal 45444 FEI epT.TN
unusual

ep 297219 4735 FYI224 BEA
Eat Attakseat EEZ

attribute a function of the variates over the population or process
ep

attribute for the completion of assignments
the model number of completed assignment
the proportion of assignments submitted during last hour






































































































1.3 Data Summaries

y II Yi
location median in

mode KKK

FAIL812numerical
ask.ggyfig

s I Yi Ey
summaries max min

guys D tinterquatileLIOR

IFFLEY1.350 IAfit Gaussian

91 EE ly 75
1
Y

mama iiiisKNIFE3

five number summary
min Ico 25 median Ico75 max

Quartile calculation Clip 1 Let ke lati p n sample size

2 C keZk z
d p ya
Ocp ILyptyyen

sample correlation r te rel
MEK

EEE
2SEEARTERYin'RE

Sx Zx EY Sy Exy EFFY

r isYsy I tf teahit've linearrelationshipclose to o

strong negative linear relationship

relative risk
relativeriskofevent A in group B as compared to group B is

Yu cyntyn A B
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th
Yu Cyutyor By Yi Yi Yity

yn yntyn
IMFbivariatecategorical datatwoway tablet
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max
outlier

boxplot

props 1.52012

88 upperquartile

do.is sjperquentile

kurtosis C 3 3I
www.mymampmsa

graphical

histogramsummaries

longlefttail uniform bellshaped

p slownegskew
longrighttail

skewapproximate o

aims

n
morejumps moredotFay Sy syn ey

scatterplot
GREIF

rel re I r o
strongproslinearrelationship strongneg

linearrelationship no linearrelationship

runchart tgif
bar pie chart FAME

Dataset 1 : 

1. sample median divides both the box and the IQRs in half -- indicates relative frequency histogram reasonably symmetric. 

2. approximately 25% observations lie in 4 intervals of approximately equal width -- indicates  shape of the relative 
frequency histogram reasonably uniform.

Dataset 2:  

1. sample median divides both the box and the IQRs approximately in half -- indicates relative frequency histogram 
reasonably symmetric. 

2. The distance from the sample median to the IQRs is approximately 2:5 times the distance from the sample median to 
the edge of the box -- indicates relative frequency histogram would be reasonably bell-shaped.






































































































1 4 15 Data analysis

aspects of analysis interpretation ofdata It 414878388

descriptive statistics Fait Fruit

ofEHEALTHinFEI
l D943FREEWE If

statistical inference KYRIE
ofAgaELIEmotto

444 Y ABHIEKPE
method s estimation problems 44

hypothesis testing problems TRAPEZE

prediction problems 3ham






































































































2 Statistical Model

21 Choose model

Distribution model

discrete z

equally like

263A

Éistan F

IIsgyu F
2BEINE
HEATHERA44KEUR

continuous 2

waiting timerate

EM
EE






































































































iterative process
collect dataset

I
choosemodel

I
fit model

check
draw conclusion

discrete VS continuous

continuous

c df Fix ExPeX t Fix f fit It

Pitti
p.df fix P Xx O

PIXEA EAfix PlacXeb f fix da
EX Elgin Egafix Elgin foogixfix dx

d






































































































2.2 2.3 Likelihood

def point estimate n

thevalueof a functionofthe observed data y ynand other known

quantities such as sample size n

ep Bil n O sampleproportion F K
GLM r samplemean y y II Yi

def maximum likelihood function F m b estimate

ELLO Fat in OTE Ello o

maximize 200 Rio ILO Rio l

def likelihood function Lal

2W Leo y PLY y 0 II fly O Otr 084479Months

atty fat constantok in 3A Lio x constant 210 I KiaE
200717TIE FIFIREATE LWKA.IN E2

YtFI
def relative likelihood function Rio

Rio OE r OERue El

Yd isTate FLA ve 434572W IFI n 834179

def log likelihood function bio b Ilologo15logo0
eco log110
In EFAITlogo
Lustybio in Frary
def logrelative function roll
rid log Rio lues lie






































































































probability function likelihoodfunction

P Y y O P Y y O
Yqz

o p
IE't

Fb2013 151 H iffy 840201 158 H 252497inTAY't

So HEY constant 233520 that maximizes Lw
Binomial data P Y y O y 074020

Lies PLYy D 1 It lD Y Ocd I

110s log210

Possiondata LW II PcYi yi O

1,0
eno 1020

lion logLw n lylogo O
folio n t 1 0 D y f y

Exponential data Laos II é o é't
bio n clogOtto
folio nil tr Iif O

Gaussiandata Luo
OW o
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II fly M.rs
at I o n e Ink lyin

onétrey e the
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2.5 Invariance
property m b e

Invarianceproperty of m.be
if I is the mile of f then god is the m.be ofgod
31178
4 Fy HeEif functionofO asestimate

Q Y Bila O Eth f f lookAt 5B W mb e

of E 051105
5 Fit 141 mile D

Gaussianin r D Mir

Expco

Bienp

Po

4 Ya indep












































































































2 6 Check model fit
1 relative frequency histogram VS pdf cont

vfh arein reasonable agreement
with Gaussianpdf

drawback theintervals fortherelative frequency histogrammust be chosen

2 e cdf vS calf cont

poor agreement
between vcares

HE theproposed Exp model disagrees withtheobserveddistributioninbothtailsofthedistribution

3 observed frequency VS expected frequency discrete































































 
Gaussian model is reasonable for a given data if: 
1. The sample mean and median should be approximately equal. 
2. The sample skewness should be close to 0. 
3. The sample kurtosis should be close to 3. 
4. Approximately 95% of the observations should lie in the interval [y − 2s, y + 2s]. 
5. Histograms and/or empirical cdfs should show agreement between the data and a theoretical distribution. 
6. Q-Q plots should show points scattered approximately along a straight line. 
 
Normality checking: 
• The empirical cdf/histogram seem to reasonably fit the Gaussian cdf/density function. 
• The points in our QQ plot appear to lie reasonably along a straight line. 
• The empirical cdf/histogram do not seem to fit the Guassian cdf/density functions well. There is evidence of 
[positive/negative] skewness [and/or] [low/high] kurtosis. 
• The points in our QQ plot do not appear to lie reasonably along a straight line. 
• The QQ plot appears U-shaped, suggesting asymmetry, and a long [left/right] tail, suggesting [negative/
positive] skewness. 
• The QQ plot appears S-shaped, suggesting symmetry, but with [light/heavy] tails suggesting [low/high] 
kurtosis. 

4 Gaussian gqplot
HIKEREYKE'Tin probability distributionHath THE 44m17

s shaped
s

symmetry lowskewness

m n n

HEYagefer
observations intails

U Shaped

asymmetry

ngmoreptsonLeft right
skewness

neg pos

points along a straight line normality

me

al al






































































































Binomial independent trials

2 outcomes S E

Pcs are same on each trial

Possion independent individuality homogeneity

sample mean o close to eachother I
Goodness fit fest cha y

Po I p

Exponential Memoryless property LIKE Er AFAIK
I r

me floga floga J a

vdf f e c df 15
qq plot U shaped

Gaussian Y In
skewness I 0

kurtosis I 3

ZOR I 10.75 010.05 11.35 r

qq plot Int FA Ith Fo'Eepength






































































































3 Empirical Studies ELWAYEx

Step PPPAC
Problem clear statement of study objects 8934174

Steps

i descriptive affairs to Er relationship

1st step in descriptive define units target pofiti.int
nEss

2 causative t.HR EIEH ITAA Ea
3 predictive 93M IEEEinBE
Variate BE characteristic ofevery units
AttributeAn a function of variates over a population

Plan procedures need to carry out the study including howdatais collected

ResearchAtatEy A14445PE
limitation

ftp.f 4afB45 2EresultscoverIstudy error C9 Y ifsize It sampleerror
cap yeah 45217

sample sampleunit D
Btarget population ftp41 FY Do itrelts coverofus ftp44f
C study populationaffiator GEYTFGZKR.MY 944
D sample protocol14431 procedureoftake IFruit randomsamplefrom studypopulation
study error theattributesdifference between study population target population

sample error theattributesdifference between sample study population

measurement error measured value VS the value 1449 27112 44244

systematic error Bfftp.fifiktffi.E ep.BEinstitoA
most serious limitationfor conclusion

bycal 1 of























































































Data thephysical collection of data
mistakes can occur in recording

TEATHATIATEFB T963773HEHAY c sampleunits FPI
Analysis analysis data collected in Problems Plans

Conclusion drawn abouttheproblem and their limitation

purpose
address the questions posted in Problem

Importance of controlgroup FBIV2
Serving as a baseline for comparing A B

Allows researchers to determine the effectof 213122
It helps to establish casuality andensures any

observed changes can attribute to the
manipulated factors rather thanexternal variables

Suppose a polling company has a list of Instagram users, and messages a random group of 
users to ask them how they’ll vote.

• Target population: people who will vote in the election.

• Study population: people on the polling company’s list of Instagram users.

• Study error: In this case our target population (people who’ll vote in the election) might be 
older on average than our study population (people with Instagram accounts).





























































































4 Estimation

4 statistical Models estimation

attributeofinterest

target population people aged is is living in ON rightpggfjgg.gsq m
study population

variate of interest
We don't know

MKE
attribute of interest
How to estimate qq.gg

th F end study unit
proportionoftarget population who havehadHPV

A Bi model and method of m.be

HETIA myEntYouasEsteFEI includes theattributes which are to beestimated

ep Assume Yn Bi in OT
Y Apeoplein arandomsampleofnpeopleaged18 is inONhad HPV
OT thepatineofalladults aged is is currentlyline inONhadHPV

FEI B 828442445A'asFIFI LBFEETABAFAR

ep Assume Y Bien O

Y peoplein arandomsampleofsizenfromthestudy population whohadHPV
O theprobabilityarandom chosenmemberof studypopulation hadHPV

Suppose the Ontario Ministry of Health wanted to conduct an empirical study to determine 
the proportion of adults aged 18-25 currently living in Ontario who have had HPV.








































































































4.2 Estimators Sampling distribution

point estimate of 0 a
a functionO g ly yo yn ofthe observed dataused to estimate
the unknown parameterO

ep pointestimateofa usingsamplemean I I I I yi
point estimator To

a randomvariable which is a functionT g Yi Yn Yi random variables
estimator is arulethattellshow to process data to obtain an estimate f
ep Yi grocery spend by student i Yi Gyu as

unknownparameter

pointestimator I T EEYi

Sampling distribution

To determine the uncertainty in an estimate

Thedistribution of an estimator 8

idea Repeated Sampling

FILEFF random samples FiRABna
eachsamplegives us a different samplemean Hissamplemeantopslightlydifferent

EYsamplemean 73,4 if 7KAAN's
TAFFY Y isFHSAAFEIMinFENGp i n nt pt

not pl

g

k

t t t t
d







































































































Gaussian population

Y n G ly r yo
a linear combinationof Gaussian randomvariables

I Ey I EEYi NG in E
sampling distribution of I T 7 4 I YinGin E

Cl estimatey average spend on groceries in a student

Assume Y Guns 70 the truemean we r trying to estimate

Sampling distribution of Y Y EEYi GCI E G 235 E
Gaussian datawithknown r

What is theprobability thesamplewill result in a sample mean within 1

of the truemean monthly spend among Canadian Students

Y themonthly grocery spend ofa randomly selected memberofthestudy population
YinGim 70
estimator of y J T 5 Yi
sampling distribution J T IsYi n G ly
point estimate ofm 1 7 II y
Pin i tentD PI MII E TEI EMEI

PL E e z e
o 08

N d b






































































































Non Gaussian distribution

Using Gaussian approximation to Possion Binomial Exponential CLT

Yin PoLo n large TIE N G Lo 1 T G Id Fan

Yi N PolO it 2 i n T I É Yi
ELY p Var Yi o Zn FI CCLT

Yi Bien O n large JEE N G Lo i Y G d To

Yi Exp O n large TEO N G Lo i T G lo

estimate value I realvalue intoIt
n't acyst estimatevalue58859 real value

r in populationto sd Y I 5844 real value

Shape of population distributionwill affect howmany of our sampleestimates
will be closeto the true value u

n f distribution FEEGaussian

d








































































































43 Interval estimation using likelihood

relative likelihood function Rio

Rio I OER

ep Y Bi in 0

Rio I Ed I

loop
likelihood interval

0 Rio p
HE.it samplesize t.FI E
TRADE

samplesize ROIgraphmercentrtearoundO

O inside50 likelihoodintervalareveryplausiblevalues

I Haiti.de i ta tjiksibidYaues

507LI

107LI

ᵗf
no logRW 1 03 10










































































































Coverage probability PLOeELLY UM

Thecoverageprobability for the interval estimator ILY Hey is

PLOELLLY ULY PILLY E IE ULY

LY ULY random variables

O Toss a coinzootimes

Count heads Calculate 102 likelihood interval ofeach

Reality Pchead 0 0.5

Experiment
5 LI

0 0.5 PETEREVEO
501 LI

24intervals covers 0 0.5 coverageof17 LI is 741
0 0.5 No 0 0.5
1 21

91 intervals covers 0 0.5 coverageof17 LI is 971
likelihood level t 21 likelihood intervals narrower coverage I
higher coverage is preferred thehigher coverage themore likely it is

that our sample willgive us an interval that covers the true value

































































































44 Confidence intervals pivotal quantities I FAZ434
confidence interval

loop confidence interval for O is an interval estimator ELLY ULY
PLOELLY ULY PILLY EOS UI p

coverageprobability forthe interval Lap Hey PLOEELY U Y

confidence coefficient i p

OKY His constant 21 random variable I distribution

Q Gaussian distribution HAI EH F EX

Y G LM r

interval estimate ofM Y 1.96E 7 1.96E
IT GIM É EAT HER
i PIME IT 1.96 E T t 1.96 E
PCT 1.96 In EMETt 1.96 E
PL i HE E 1.96

0.95 To EE ZNGlo 1

It 1.96E is 957 confidence interval forM
interval doesn't depend on p depend on r

j

d








































































































Pivotal quantity d O Y O
YEAHYA EMMAOurfunction 42 I indistribution u EH

F M N Glo D
E
PlOeb Plaza depend on a bbutnot onO or other information

Use pivotal quantity to construct C1

pivotal quantity QiYin TIE Gio n

1 Determine a b sit Pla e Oct Oneb p
P as II e b 0.95

Faith in Lab Tia we choose 1.96 1.96 whichgives
narrowest CI

z Reexpress a Octo eb in the form LY E de ULY

p P as ACY O Eb P LY E 0 41.41 e p coverage prob

095 P I 1.96 E TEI 21.96
P I I96EnEY M E I96E
P IT IHEEM e Tt I96E

LIYI UM

3 loop CI ILey Ury
951 CI for y is Ty I96En It 196E

epY'tKiril64measurement n 64 samplemean 276 10 1 samplesd 55 10m s

951 CI forM y 1.96En It 196E 27611.96 Ey
ded I led








































































Two sided equal tailed CIs

A loop CI for p is of theform gTs Et
point estimate t distributionquartile x reestimator

ep
Construct a loop confidenceinterval form in GaussianDatawhere r known

1 Ha sit PigsZ g p Z G lo l

FAIT PIZE a
2 loop confidence interval forM B T Ia E

Changing confidence CI

CI YIAE width LaEn
Is confidencelevel change ButB Itd change

sample size f CI narrower

r f CI wider

Approximate pivotal quantities Om

We can always find In Only i n Yn d

sit n o thedistributionof Onunlikely to depend on O or other unknown information
NEAL OnFAME apart

d








































































































For Gaussiandata

If Go is apivotal quantity which allowsus tofind a valuesit

Pl as a p

For Non Gaussiandata

Using approximate pivotal quantity to construct an approximate loop CI

Approximate 9 CI for Binomial
1 Determine a b sit Pla ONLYD b p

PL1.96 2 116 0.95

2 Express a QLY d b in theform LCY O ULY
then coverageprobability p P a Only 0 b P LN O ULY

0.95 PIE 1.96 c 0 28 1.96

3 For observed datay approximate loop CI for0 is LLY Uly
if i an approximate 957 CI food is

I 1.96 1.96 p 1.96

Sample size calculation it n

8 0.758 n 240 951 CI 7047 81,27 narrower

n 120 950 CI 682 83.5.1

Suppose we want a 951 CI of width 21 Then we require ns.t

1.96 8481 21 1 0.03 8 0.5
n 8110 ni 7 0.5 0.5

If n 1068 thentheapproximate9 CI for0 have
width forall values of f






































































































4 5.1 Chi stare
get Fg DATAGamma function

tea J y't e dy 2 0

properties

5,113 13 2 1.2

epExponential
distribution

Ex foxfire Eun f if
JxIÉdx letya
Joye Udy dated

J Édx letyet
8Oyé Udy datody

of yetdy offyetdy
0812 028133

011 04

D D

ofX Exp d then E X O Varix O

chi squared distribution necks gamma
distribution in 744834

ftp.yuzBtp.P2AfnEZAfb
a continuousfamilyof distributions on Lo o withp.d.fi

fix k q ng É é x o

I degreeof freedom
E XJ E YEE

ep Xvi k East Varix of






































































































150 Aifa 8 degrees offreedomPF df 31821 4582 1

j I j 2

EX 2 YEE EX 2 EI
Kiktz

1 15 1 30

Properties

1 If W Ri then ECW k Variw if
Sums ofchisquared distributions
if Win Ari then I Wi KEK
alsofollows chisquared

distribution

epWi ni Wrx Witwanx

3 pdf e KEA.p.d.fi
symmetrctalogy k

4 If Z GCO.IS then Z W NR

PCW W PLZEW

PLJw Z Jw

2PIZ w̅ I

If Zi Zz Zn 910,1 then s Zi next

5 If Wu di then WNExp12
PcW w l e pewaw e t

achi squareddistributionwith a df Expla
but






































































































4.5.2 t Distribution

Student's distribution

I ftp.afirtf g
T tik T has a t distribution withdf k
fitik flit 5

KIAK.tk BnIAFFEGLo 1

EM 44 Z G 10,1 U x ck independently

If 4
ThenThas a Student's t distribution with kdegreeof freedom

t distribution

suppose Yi Ya Yn is a random sample from G µ r

r known If G 10.1

r unknown III s 1 Hi Fi 14.7 Ft

Q Is this a pivotal quantity What is its distribution
S CY 45 a

5 ta

al
































































































46 Likelihoodintervals andConfidenceintervals

Likelihoodinterval loopy 0 Rio xp
Values of O sit Redisp
It uninentfunctionRfef Rid 70.15

Confidence interval loopy 0 Rio É
Valuesof O sit Petey 0 4147 q Powec q W ni

IE gammafunctionFEM

h






































































































Than loopy LI I 10087 CI

A loop likelihood interval is an approximate looqfconfidence interval
where q uPcZ4zlogp 1 Z Nco 1

proof woop likelihoodinterval of90 Rio p
0 Rios p 0 2kg188 e logp

Canbeapproximatedby
Penroselogp PLLlogLIF e logp

I PLWeabogp Wral

PLIZ Egp ZNNW D

LPCZ Egp 1

ep 107021
I 96.87 CI

p0.1 0 2logp 4.605

q Pew c PINE 2logp PLWE4.603 0.918

Than 2171001pct
If a is a value sit p 2PLZ Ea 1 ZNN Lo D
Then the likelihood interval 0 Rios e I is an approximate

loop confidence interval

proof Pity É PC 2 loggy say
a Pewsay W ni

LPL Zea I Z NNLO D

p
ep i 0.95 2PLZE 1.967 1 where Z N10 D

é't e 1.908 I o 15

n a 1st likelihood intervalforO an approximate 95 ct for 0
thod








































































































likelihood ratio statistic NO

1101 2 log

relativelikelihood Rio 2 no logRIO
5449542 JEFF.FI
Ekmodel.F A1I 4149744FE 415211283T

Them

If Y Y Ya Yn n size 0 thevalue

n large NO TA if pivotal quantity
nooo run clog x

Using approximate pivotal quantity to construct an approximate loop CI

p 0.95
1 Determine a sit Pl2kg1 e c p

PLWEc 0.95 WNA

W Z Z GIO D

i PLZ c PCJC z Jc 0.95

0 1.96
2 Express the inequality log in theform LIY 0 UIY

0 LupeO Up 0 log 1.962 a rearrange

3 An approximate CI for0 Lly Uys

I








































































































Approximate CI for Bi n D

2 methods for obtaining approximate 957 CI
D 157 LI

811.96 81158 f

pros cons Bi model involvesfewer modal assumptions
butgives less precise interval

and t.EE

a
e

Ros e

I fit H13nlogd 0 ti
β

D
8 ti

Tb 8
1 21 reorg so

we.ptHte otdt If go.ge.ge ytScotPeotdt 1 125005001 etJ ie dx Ot

minus a iii if3 8 0.3320.768

9 4 6s Bimodel involvesfewermodelassumptions
butgiveslesspreciseinterval







































































































4.7 CI for Gen r M r K
o in Foy Th
1 mile for t F 4 Yi T

sample varianceestimator S n't It Yi T prefer

Aft distribution IAM Gin r

Suppose Yi Yu Yu Gen r

D o known

TIM G lo D

CI form YIAE PLZE a Z Glo D

r unknown completely known is pivotal quantity

II fy n th

s Eiti 75 V n'js ni

CI form TI af P Tea T th
i ME Fan PT construct of fry
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Sample size calculation Gaussiandata

r Ekin

Width of 956C1 2nF 2 1.96 77
Forwidth 200 2 1.96 17 200 4 4.01 to choose n rt

For width 100 2 1.96 77 100 4 96.04 4choose 4 97

r kn needs estimate

How to construct a CI for r
A point estimator x form a pivotalquantity

Yi Yu Yu N G In D
ELY p sellYi r both unknown estimate r

estimator for re s I Yi 75 Uff n n't

loop C1

n

ARVE5off d

Let Y denote the rent for a randomly selected apartment, and assume Y ∼ G (μ, 250).

I’m trying to estimate μ by taking a random sample of apartments currently on the market.

How many apartments should I sample to obtain a 95% confidence interval of width $200? 

What about of width $100?






























































































E

gotCI CE Eas
Choose a b sit PLWea 0.025

Paw b 0.05 W R'm

P WE16.05
t

0.025
a

b
PLWE41.72 1 5 0975

951CI for r

FYI 931 0 190 0.543

sample size small quantilefrom t distribution quantilefrom G to 1

sample size t quantilefrom t distributionEiggFEIG to D

CIT wider
n't narrower

of narrower

To a i
A

width

For the good movies, the sample size was 58, the sample mean was 97.707 minutes, 
and the sample standard deviation was 18.229.

Our 95% confidence interval was [92.914, 102.500]. Consider the following changes:

1 Confidence level increases to 99%

2 Sample size increases to 100

3 Sample standard deviation decreases to 10

4 Sample mean decreases to 95

The professor weighs their sample of 30 TimBites and finds their sample variance is s^2 = 0.311.

Let Y = the weight of a randomly selected TimBite. Y～G (μ, σ), with μ, σ both unknown.

Construct a 95% confidence interval for σ^2 based on these data.
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4.8 Chapter 4 Summary

Approximate Confidence Intervals based on Likelihood Intervals

A 100p% likelihood interval is defined as { : R ()  p} where R () = R (;y) is the
relative likelihood function for  based on observed data y (possible a vector). Likelihood
intervals must usually be found using a numerical method such as the uniroot function in
R.

A100p% likelihood interval is an approximate 100q% confidence interval where
q = P (W  2 log p) and W  2 (1). (Note: q = pchisq(2  log p, 1) in R.)

An approximate 100p% confidence interval is given by a 100

eb/2


% likelihood interval

where b is the value such that p = P (W  b) and W  2 (1). (Note: b = qchisq(p, 1) in
R.)

These results are derived from the fact that 2 logR (;Y) is an asymptotic pivotal
quantity with approximately a 2 (1) distribution.

Table 4.3
Approximate Confidence Intervals for Named Distributions

based on Asymptotic Gaussian Pivotal Quantities

Named
Distribution

Observed
Data

Point
Estimate

̂

Point
Estimator

̃

Asymptotic
Gaussian
Pivotal
Quantity

Approximate
100p%

Confidence
Interval

Binomial(n, ) y y
n

Y
n

̃q
̃(1̃)

n
̂ ± a

q
̂(1̂)
n

Poisson() y1, y2, . . . , yn ȳ Y
̃q

̃
n

̂ ± a
q

̂
n

Exponential() y1, y2, . . . , yn ȳ Y
̃
̃p
n

̂ ± a ̂p
n

Note: The value a is given by P (Z  a) = 1+p
2 where Z  G (0, 1). In R, a = qnorm


1+p
2
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Table 4.4
Confidence/Prediction Intervals for Gaussian

and Exponential Models

Model
Unknown
Quantity

Pivotal
Quantity

100p%

Confidence/Prediction
Interval

G (µ,)

 known
µ Yµ

/
p
n
 G (0, 1) ȳ ± a/

p
n

G (µ,)

 unknown
µ Yµ

S/
p
n
 t (n 1) ȳ ± bs/

p
n

G (µ,)

µ unknown
 unknown

Y
YY
S
q
1+ 1

n

 t (n 1)
100p% Prediction

Interval

ȳ ± bs
q
1 + 1

n

G (µ,)

µ unknown
2 (n1)S2

2
 2 (n 1)

h
(n1)s2

d , (n1)s
2

c

i

G (µ,)

µ unknown
 (n1)S2

2
 2 (n 1)

q
(n1)s2

d ,

q
(n1)s2

c



Exponential()  2nY
  2 (2n)

h
2nȳ
d1
, 2nȳc1

i

Notes: (1) The value a is given by P (Z  a) = 1+p
2 where Z  G (0, 1).

In R, a = qnorm

1+p
2



(2) The value b is given by P (T  b) = 1+p
2 where T  t (n 1). In R, b = qt


1+p
2 , n 1



(3) The values c and d are given by P (W  c) = 1p
2 = P (W > d) where W  2 (n 1).

In R, c = qchisq

1p
2 , n 1


and d = qchisq


1+p
2 , n 1



(4) The values c1 and d1 are given by P (W  c1) = 1p
2 = P (W > d1) whereW  2 (2n).

In R, c1 = qchisq

1p
2 , 2n


and d1 = qchisq


1+p
2 , 2n











































































































































































































5 Hypothesis Testing

5 1 Introduction

Test a hypothesis in the light ofobserved data or information
Test Statistic discrepancy measure 42013 D

A function of data Y that constructed to measure degreeof agreement
between dataY andnullhypothesis H 8 4597213Y is 84822

bestpossible agreementB O pooragreement

def p value

p
valueof thetest hypothesisHo using test statistic D is PLD d Ho

probability of observing data I Anactual data 74 isfifty
p valued if nullhypothesis were true thenunlikely to haveobserved

data at least as surprising as thedataactuallyobserved

D Approximate p values
Y Bi 100 0.5 D Y Y 501
observed valuefor Y 4 52

observedvalueforD 152501 2

WhenHotrue What is theprobabilitythatthediscrepancy measure d

p value PLD d Ho
PUY 1012152 to Ho

PLLY50 22 Y Bi 100 0.5

1 P 49 Y 51

1 99 0.510 0.5 9 0.510
0.76

of































































































Steps of hypothesistest
I Hdrmill hypothesis Ho to be tested using Y
Ho 0 0.5 Y A answers outof A Y Bi 25.0

2 Define a test statistic or discrepancymeasure DIY
DEA Hot less consistent
Let d Daysbe the corresponding

observed valueofD
D LY EY I d 115 12.51 2.5

3 Calculate
p
value P Dad assume Ho isTae

pvalue PCD 2.5
which is same as PllY 12.5 22.5 if Y Bilk 0.57

4 Draw a conclusion based on p value

I parpetterff0210444

p rdue small It False

p
value large Ho time

Central Limit Than CLT AFapproximate pvalue y
Yuen o a large jiffy Glo D

p hacking
具体的例⼦要具体的去分析，不能按⼀个固定的标准来，⽐如说设定p⼩于等于某个数才算重要的话，实验的时候还是他们计算


出的p value恰好卡在那个线那⾥，会有⼈刻意选⼀些合适的数据让它们⼩于那个数来证明它们是重要的，不是真实的数据







































































































5.2 Hypothesis testing for G Mr
Test Ho null hypothesis

For testingnull hypothesis Ho into Use D F Mol

p value PUTnot 17Mol Y G Mo E

ep Y GIM
volume of tea in a randomly chosencup

test Ho p 590
We observe a sampleof n cups with samplemean 7 595
discrepancy measure D IT 5101

5744 PLD d Ho
d 17 5901 595 590 5

p value P D 5 Ho

P IT 5901255

P 92595 PLY 585
pivotal quantity

Test Ho MMo r

To test HoMMo 5 FEB Use D 192ft try

t.EEEEEiYE 4E 5d

2II PiTEds

ep 821 1 595 5 10 µ 590 1 25

d I 2.5

p value P Dad PID22.5
PUT 2215 Titled2 1 PCT 2.5






































































































Test Ho r 502 µ 0

To test Ho r To µ Use D n j ME
test statistics U ing Kit

p value PID Id 1 P D Id'D

up

Ho 5 To GIM T

Step1 Draw a sample of size n with variance s

step2 Compute Discrepancy measure u

Step Compute PCU u Undin

Step4 Ifs large sit PLU u 0.5 Then p 2PiU u

of s small sit PLU u 0.5 Then p 2PiU u








































































































gp
value FH ToHoTime 444 in data ftp.Eaig

InBusample 0 Fb In B at sample 0EEGftp.wothtf
f Ho I the value in 96940

CI H G the value9478377

5 Statistical significant I5K when a hypothesistest returns a smallpvalue
2 Practical significant A I5K when our results have EBEY w3.3nA

Hypothesis CI

Suppose we test Ho p no for G1M r

p value 0.05

PL III 20.05

PLITI If 0.05 Tutu l

PLITI ITEM 0.95

IF a End sit PLITI a 0.95
a YET a sit PLIT a 0.95

of p20.05 then not I J a It afn
- If our p-value ≥ 0.05 then μ0 is inside a 95% CI for μ

- If μ0 is inside a 95% CI for μ then our p-value ≥ 0.05




































































teststatistic

D if

I 1hod






































































































5 3 Likelihood ratio test statistic
likelihood ratio statistic 4.6

1 2kg 1 5 2log

Likelihood ratio statistic

Ho O Do
1 3 27521 Form Lid Derive expression for 8
2 Gather dataand calculate 8 for observed data
3 Compute theobserved value of test statistic

v00 2log zlogRidos

4 p value P Wando W R

Likelihood ratio test for Bi model
2 Y Bi n D Ho 0 00

a TEA Iff GLOID Ef Ct of 0

Approximate pivotal quantity

1 2log1 ni

1 Ho True

1100 2log 4 1 Ri
2 Data inconsistent with Ho

100 2log 98 2 logRoos

Rido is large closeto1 log11 small

Redo is small closeto 0 2log 8 large






































































































ep Suppose I bought 30pizza and won 6 digging sauces

n 30 4 6 8 20.2

Rio 8444.8 o.no

100 2log R00 2.622

p value PLW 2622 W Ri

Q 30990Y YFE60002vote 4440 a vote yes
Howvalid doyouthink thisestimate is 15.6 7d
Sincethis estimate is notbased on random sample He 85

It isnot possible to say howaccurate it is not random
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5.5 Chapter 5 Summary

Test of Hypothesis based on
Likelihood Ratio Statistic

Suppose R () = R (;y) is the relative likelihood function for  based on observed data
y (possible a vector). To test the hypothesis H0 :  = 0 we can use the likelihood ratio
statistic 2logR (0;Y) as the test statistic. Let  = 2logR (0;y) be the observed value
of the likelihood ratio statistic for the data y. The corresponding pvalue is approximately
equal to P (W  ) whereW  2 (1). In R this can be calculated as 1-pchisq(lambda,1).

This result is based on the fact that 2 logR (0;Y) has approximately a 2 (1) distri-
bution assuming H0 :  = 0 is true.

Table 5.2
Hypothesis Tests for Named Distributions

based on Asymptotic Gaussian Pivotal Quantities

Named
Distribution

Point
Estimate

̂

Point
Estimator

̃

Test
Statistic for
H0 :  = 0

Approximate p value
based on Gaussian
approximation

Binomial(n, ) y
n

Y
n

|̃0|q
0(10)

n

2P

 

Z  |̂0|q
0(10)

n

!

Z  G (0, 1)

Poisson() ȳ Y
|̃0|q

0
n

2P

 

Z  |̂0|q
0
n

!

Z  G (0, 1)

Exponential() ȳ Y
|̃0|
0p
n

2P


Z  |̂0|

0p
n



Z  G (0, 1)

Note: To find 2P (Z  d) where Z  G (0, 1) in R, use 2  (1 pnorm(d))
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Table 5.3
Hypothesis Tests for Gaussian
and Exponential Models

Model Hypothesis
Test

Statistic
Exact

p value

G (µ,)

 known
H0 : µ = µ0

|Yµ0|
/
p
n

2P

Z  |ȳµ0|

/
p
n



Z  G (0, 1)

G (µ,)

 unknown
H0 : µ = µ0

|Yµ0|
S/
p
n

2P

T  |ȳµ0|

s/
p
n



T  t (n 1)

G (µ,)

µ unknown
H0 :  = 0

(n1)S2

20

min(2P

W  (n1)s2

20


,

2P

W  (n1)s2

20


)

W  2 (n 1)

Exponential() H0 :  = 0
2nȲ
0

min(2P

W  2nȳ

0


,

2P

W  2nȳ

0


)

W  2 (2n)

Notes:

(1) To find P (Z  d) where Z  G (0, 1) in R, use 1 pnorm(d)

(2) To find P (T  d) where T  t (k) in R, use 1 pt(d, k)

(3) To find P (W  d) where W  2 (k) in R, use pchisq(d, k)
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6 Gaussian Response Models

6 1 Introduction

Gaussian response model

Oneforwhich the distribution oftheresponse variate Y given the associated

vectorof covariates x x xu xu for an individual unit
Y G mix re x

08THresponse variate Y us47447EEE
Yi GM Xi T Xi i i 2 n

Gaussian linearmodel

Assume this p constant Maxi belinearfunctionofthe covariates
Model is Gaussian linear model

YinG Maxi t it a n Maxi potfoggy
Bj regression coefficient









































































































6.2 Linear Regression

r y y
Sx 1 75 syy E.ly 75 say hi a Yi Yi

Corrix Y ETX 1 MD

least square estimate AJA betsfitive y ftp.i
Howto quantify which line is better than others

minimizes the distance between

itself datapts

minimise gla β lyi pxi
of 432 β

lyi α BX Kyi x p I 1 0

Lyi α pxi 2lyi a px.TL Xi D

stepping
2 7 βx ̅ least square of α
β 5 r least square of β

p r have the same sign

Syys Sxx β is larger than r

sum of squared residuals SS ly 2 Bx

I had d f






































































































Likelihood function for α β
Yin G latpxi 0 minimize ly a pxi
r thevariability in response variate Y in studypopulation

likelihood function for0 based onY
L α β IT If e Yi αpx.it

e ly α β Since r is known

maximize α 12 β fit I minimize cyi α βxiJ
2 1 βx ̅ β 8

Distribution ofBs
β G Mp Tp Elp Mp VarlB of
Yin G latpxi.ir p G β Ex

Interval estimation

off Akio Yet y 2 73 484 4pointestimate

Yi Glatpxi r

β ex x ̅ ly y 2 1 px ̅
Xi x ̅ y

Ix 7 Yi is a linear combination of Gaussian random variablesYi

1 and I






































































































Pivotal quantity for p
r known

F G LpEx pivotal quantity B p
II

G o 1

r unknown

Y Gen r pivotal quantity Bjp n ta

Estimate r in simple linear regression

sumof squarederrors

s I ly dpxi LSyy PSxy
mean squared error ATestimate r
se is not maximum likelihood estimate of r but we use it
to estimate r since ELI p

SE I LY L Fx
P E Wi Tx Yi 2 9 FI

If Se is the estimatorof themean squared error then EE Ke
degreeoffreedom n 2

d








































































































Internal estimation

ENGLOD Undi T Ntt

1 Quantities Ff a
Pr a T a

p T tn

z.ppc aeteas PL.ae f ea esinufff tna
2 Rearrange β

p PLF a e β p a

3 CI loopy CI forβ
β a pta Pete a Tutor

loopy CI p a width 29

Sep 1YinGLxtpxi.MY nor width

variability't uncertainty








































































































Confidence interval for Mx BX

point estimate Mx 2 px I p x x ̅
estimator Mx x ̅ px I p x x ̅

p ETWi x ̅ Yi
i Mx I p x x ̅

Yi Lx x ̅ Xi 7 Yi
It x x ̅ Yi Yin GI Bx a

yx GIMx.DEE
CI for β
pivotal quantity FEEP two

loop CI PI95
CI forµ
pivotal quantity self two

loop CI 2 px asedit

T two PLT a

Based on my population of n observations, what is a plausible range of values for the average STAT 231 
grade of all students who score x in STAT 230?








































































































Confidence interval for 4 individual
response

Y potential observation forgiven valueof x
Y Mx R where R G 0 r YNG α Bx T

Fx GIMx.IE F
Goal distribution ofY Mx error in point estimateof Y

E YMY E R Mx Mx
ECR ELM E MY
0

Var Y Mx Var Y VarNx
545 l

F H

Y Mx GIO THE

1 GLO D

loop CI forMx
2 Bx ase

100 prediction interval for futureobservation Y
2 px ase 1114571

Based on my population of n observations, what is a plausible range of values for the STAT 231 grade 
of a new student who scored x in STAT 230?






































































































63 Checking the model

Linear regression models

Wish to fit themodel ELY Maxi Butftp.jxij
Hipo.pl pk that minimize ly β βxij

Hypothesistest

Formodel y p Isβjxj
test Ho p use teststatistic tj staffetent
Ho the Tj tank l
ep

model y α px test Ho 13 0 use teststatistic

Model checking check model assumption for Gaussian response models

Two main assumptions
1 Yi has aGaussiandistributionwithstandarddeviation r whichdoesn't depend on covariates

a Yi has a Gaussian distribution

b Thedistribution has standard deviation t which doesnot depend on thecovariates

2 ELY Mui is a linear combination ofknown covariates Xi Xii Xii Xik
and unknown regression coefficients po.pl pk

Methods for lb 2

i Scatterplot
417 point whether fit reasonably along a straight line






































































































2 Residual plot EffScatterplot hard to read in 17,81

fitted response M 2 pxi
residual Fi YiMi Yi Mitri Rin Glo r

EEE f represents what is left over after model

hasbeen fitted to the data

standard residual i i n in

standardized residual plotT IFETYScatterplot tap inIRB
residual plot in stem

i make visualization easier 28,41422 21 f no24
2 moregeneral I I 4 covariate ftp.L

Method for 1a Q Q plot of Fi
Assumed model G to 1

assumption model holds I I plot Feb a straight line










































































































6.4 Compare means of 2 populations
2 Gaussianpopulation with common variance

Yu Yiu i Yin GIM r

Yu Yu ii Yon Gma T

pointestimator of ru IE1ST r

sp in h n
Ds

d rat

































































2 Gaussianpopulation with unequal variance unknown

Yu Yiu i Yin GIM 0 Yu Yes i i Yan Gma T

9 9
1 a 1.96

Unpaired HAZFELE

Var Yi of VarYui of

VariT To 2Coult TL

d p 21 Piteds T ta.tn a

Paired LJEFMI23LK I 1 Egfr
defineYi Yi Yi Gu r HoMo o

d p 2 1 Peteds Tnt

Mi Mi I I

VariT Yr








































































































R code

UI β

TEM M αtβX
CI Y

m

T un

6
4
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Table 6.1
Confidence/Prediction Intervals for
Simple Linear Regression Model

Unknown
Quantity

Estimate Estimator
Pivotal
Quantity

100p%

Confidence/
Prediction
Interval


̂ =

Sxy
Sxx

̃ =

nP
i=1

(xix̄)Yi

Sxx

̃
Se/

p
Sxx

 t (n 2)

̂ ± ase/
p
Sxx


̂ =

ȳ  ̂x̄

̃ =

Y  ̃x̄

̃

Se

r
1
n
+
(x̄)2

Sxx

 t (n 2)

̂± ase
q

1
n +

(x̄)2

Sxx

µ (x) =

+ x

µ̂ (x) =

̂+ ̂x

µ̃ (x) =

̃+ ̃x

µ̃(x)µ(x)

Se

r
1
n
+
(xx̄)2
Sxx

 t (n 2)

µ̂ (x)± ase
q

1
n +

(xx̄)2

Sxx

2
s2e =

SyŷSxy
n2

S2e =

nP
i=1
(Yĩ̃xi)

2

n2

(n2)S2e
2

 2 (n 2)

h
(n2)s2e

c , (n2)s
2
e

b

i

Y
Ŷ =

̂+ ̂x

Yµ̃(x)

Se

r
1+ 1

n
+
(xx̄)2
Sxx

 t (n 2)

Prediction Interval

µ̂ (x)± ase
q
1 + 1

n +
(xx̄)2

Sxx

Notes: The value a is given by P (T  a) = 1+p
2 where T  t (n 2).

The values b and c are given by P (W  b) = 1p
2 = P (W > c) where W  2 (n 2).
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Table 6.2
Hypothesis Tests for

Simple Linear Regression Model

Hypothesis
Test

Statistic
p value

H0 :  = 0
|̃0|
Se/

p
Sxx

2P


T  |̂0|

se/
p
Sxx


where T  t (n 2)

H0 :  = 0
|̃0|

Se

r
1
n
+
(x̄)2

Sxx

2P

0

@T  |̂0|

se

r
1
n
+
(x̄)2

Sxx

1

A where T  t (n 2)

H0 :  = 0
(n2)S2e
20

min

2P

W  (n2)s2e

20


, 2P


W  (n2)s2e

20



W  2 (n 2)

Figure 6.4 shows a the scatterplot of the data together with the fitted line, y = ̂+ ̂x =
34.05413 + 0.6352523x. The fitted line passes through the points but we notice that there
is a quite a bit of variability about the fitted line.

The p value for testing H0 :  = 0 is

2P

0

@T 

̂  0


se/
p
Sxx

1

A

= 2P


T 

|0.6352523 0|
(8.263079) /

p
10813.75



= 2P (T  7.994522) t 0

where T  t (63). Therefore there is very strong evidence against the hypothesis H0 :  = 0.
This is also consistent with what we see in Figure 6.4. The data suggest there is linear
relationship between exam mark and midterm mark.
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Table 6.3
Confidence Intervals for

Two Sample Gaussian Model

Model Parameter
Pivotal
Quantity

100p% Confidence
Interval

G (µ1,1)

G (µ2,2)

1, 2 known

µ1  µ2

Y 1Y 2(µ1µ2)r
21
n1
+
22
n2

 G (0, 1)

ȳ1  ȳ2 ± a
q

21
n1
+

22
n2

G (µ1,1)

G (µ2,2)

1 = 2 = 

 unknown

µ1  µ2

Y 1Y 2(µ1µ2)
Sp
q

1
n1
+ 1
n2

 t (n1 + n2  2)

ȳ1  ȳ2 ± bsp
q

1
n1
+ 1

n2

G (µ1,)

G (µ2,)

µ1, µ2 unknown

2

(n1+n22)S2p
2

 2 (n1 + n2  2)

h
(n1+n22)s2p

d ,
(n1+n22)s2p

c

i

G (µ1,1)

G (µ2,2)

1 6= 2
1, 2 unknown

µ1  µ2

asymptotic
Gaussian

pivotal quantity

Y 1Y 2(µ1µ2)r
S21
n1
+
S22
n2

for large n1, n2

approximate 100p%
confidence interval

ȳ1  ȳ2 ± a
q

s21
n1
+

s22
n2

Notes:
The value a is given by P (Z  a) = 1+p

2 where Z  G (0, 1).
The value b is given by P (T  b) = 1+p

2 where T  t (n1 + n2  2).
The values c and d are given by P (W  c) = 1p

2 = P (W > d) whereW  2 (n1 + n2  2).
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Table 6.4
Hypothesis Tests for

Two Sample Gaussian Model

Model Hypothesis
Test

Statistic p value

G (µ1,1)

G (µ2,2)

1, 2 known

H0 : µ1 = µ2

|Y 1Y 2(µ1µ2)|r
21
n1
+
22
n2

2P

0

@Z  |ȳ1ȳ2(µ1µ2)|r
21
n1
+
22
n2

1

A

Z  G (0, 1)

G (µ1,)

G (µ2,)

 unknown

H0 : µ1 = µ2

|Y 1Y 2(µ1µ2)|
Sp
q

1
n1
+ 1
n2

2P

 

T  |ȳ1ȳ2(µ1µ2)|
sp
q

1
n1
+ 1
n2

!

T  t (n1 + n2  2)

G (µ1,)

G (µ2,)

µ1, µ2 unknown

H0 :  = 0

(n1+n22)S2p
20

min(2P

W  (n1+n22)s2p

20


,

2P

W  (n1+n22)s2p

20


)

W  2 (n1 + n2  2)

G (µ1,1)

G (µ2,2)

1 6= 2
1, 2 unknown

H0 : µ1 = µ2

|Y 1Y 2(µ1µ2)|r
S21
n1
+
S22
n2

approximate p value

2P

0

@Z  |ȳ1ȳ2(µ1µ2)|r
s21
n1
+
s22
n2

1

A

Z  G (0, 1)
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7 Multinomialmodels Goodnessoffit tests
7 1 LikelihoodRatio Test

If n large Ho true Then redo 25 Yjlogl j Rip
Case 858of If I if EFFIE42 74 distribution2.17
multinomial distribution

t.fi iiii i.alikelihood function

redo 2log1 8,1 1 HE sinceLeo 1g
2log I

2logII1kg
zlogJI.IE I

f 2 Y log

observed value 100 a ylogit fitedgyjej ja.EE 97statistic
yj ej j statisticethn

ly e j statistic 779
category 21 4dependent is yj ej.atHe categoryyjcej

p value p
value P Waxed W sick l p

k categories p parameters estimated in forming Ho

degreeof freedom valueswhichfreetomove variables constraints

Pearson goodness of fit test
For large n D I kit p

observed value 1 545,95

p value p value PDad Draftp
observed I expected value of FEB4st ti p value
d of








































































































7 2 Goodness of Fit Tests
Test of fit of Poisson model

Yj is distribution D

Ho a 50J OffI oj Off

8
d55 usingchisquaredapproximationtoobtainapvalue

7888Ho
o Fatty ejo

0
likelihood ratiostatistics

1007 2 ylogEg

degoffreedom K lp
p value

Mpvalue








































































































Test of fit of Expmodel

D






































































































7.3 Two way Contingency Table
Cross Classification of a RandomSampleof

individuals

two way
table

Y
AtypeAi Btype Bj

test hypothesis

Ho Oig Lip 12 I β L

expected

likelihood functionforgig L v β II Lxip
mile 2 β
ey na p
likelihood ratio statistic for H

degof freedom

p value

k










































































































Example

relative risk of Hockey among people with Canadianhometown

3407

If hometown hockey loveare independent thetableexpected to be

a p I β

n Lynlog1 yialog ynlog yalog E
degree k 1 p parameters estimated in froming Ho

lategories k 1 p 2 2 1 2

1 pchisq 4.4034 1

I 3.7 e b p value Paw 21.4034






































































































8 Causal Relationships

causation 48 8y
if all otherfactors that affecty are held constant
Let us change or observe differentvalueof x and see if y changes

Let us change and see if somespecified attribute ofy changes
if specifiedattribute y changes then has causal effect on y

2 My Big40Yno 54,7 12882YnodistributionEast
B has a casual effectof Y

Reasons 2 variates can be related

1 explanatory variate x IFIFEL response variate y
2 response variate y 4 2 explanatory variate x Eat
3 explanatory variate x 8ᵗʰ response variate ly Effine
4 both variates are changing with time
5 235 coincidence

6 both variates results common cause

4129 18 8y
whether is a causal effect on a response

variatey
Hopp v4 Fff 9He 8 4 w y 354 FEYES x
1 Hold other possible explanatory variates fixed
2 Use randomization to control other variates

d I d b






















































1) The association between the two variates must be observed in many studies of different types 
among different groups. This reduces the chance that an observed association is due to a defect 
in one type of study or a peculiarity in one group of subjects.





2) The association must continue to hold when the effects of plausible confounding variates are 
taken into account.

Many possible sources of confounding variates have been examined in these studies and have 
not been found to explain the association.





3) There must be a plausible scientific explanation for the direct influence of one variate on the 
other variate, so that a causal link does not depend on the observed association alone.





4) There must be a consistent response, that is, one variate always increases (decreases) as the 
other variate increases.






    The evidence for causation here is about as strong as non-experimental evidence can be. 









Randomization establish causality from observational data



                                                    
         This table gives values of F(x) = P(X ≤ x) for X ~ N(0,1) and x ≥ 0 

 

x  0.00  0.01  0.02  0.03  0.04  0.05  0.06  0.07  0.08  0.09 
0.0  0.50000  0.50399  0.50798  0.51197  0.51595  0.51994  0.52392  0.52790  0.53188  0.53586 
0.1  0.53983  0.54380  0.54776  0.55172  0.55567  0.55962  0.56356  0.56749  0.57142  0.57535 
0.2  0.57926  0.58317  0.58706  0.59095  0.59483  0.59871  0.60257  0.60642  0.61026  0.61409 
0.3  0.61791  0.62172  0.62552  0.62930  0.63307  0.63683  0.64058  0.64431  0.64803  0.65173 
0.4  0.65542  0.65910  0.66276  0.66640  0.67003  0.67364  0.67724  0.68082  0.68439  0.68793 
0.5  0.69146  0.69497  0.69847  0.70194  0.70540  0.70884  0.71226  0.71566  0.71904  0.72240 
0.6  0.72575  0.72907  0.73237  0.73565  0.73891  0.74215  0.74537  0.74857  0.75175  0.75490 
0.7  0.75804  0.76115  0.76424  0.76730  0.77035  0.77337  0.77637  0.77935  0.78230  0.78524 
0.8  0.78814  0.79103  0.79389  0.79673  0.79955  0.80234  0.80511  0.80785  0.81057  0.81327 
0.9  0.81594  0.81859  0.82121  0.82381  0.82639  0.82894  0.83147  0.83398  0.83646  0.83891 
1.0  0.84134  0.84375  0.84614  0.84849  0.85083  0.85314  0.85543  0.85769  0.85993  0.86214 
1.1  0.86433  0.86650  0.86864  0.87076  0.87286  0.87493  0.87698  0.87900  0.88100  0.88298 
1.2  0.88493  0.88686  0.88877  0.89065  0.89251  0.89435  0.89617  0.89796  0.89973  0.90147 
1.3  0.90320  0.90490  0.90658  0.90824  0.90988  0.91149  0.91309  0.91466  0.91621  0.91774 
1.4  0.91924  0.92073  0.92220  0.92364  0.92507  0.92647  0.92785  0.92922  0.93056  0.93189 
1.5  0.93319  0.93448  0.93574  0.93699  0.93822  0.93943  0.94062  0.94179  0.94295  0.94408 
1.6  0.94520  0.94630  0.94738  0.94845  0.94950  0.95053  0.95154  0.95254  0.95352  0.95449 
1.7  0.95543  0.95637  0.95728  0.95818  0.95907  0.95994  0.96080  0.96164  0.96246  0.96327 
1.8  0.96407  0.96485  0.96562  0.96638  0.96712  0.96784  0.96856  0.96926  0.96995  0.97062 
1.9  0.97128  0.97193  0.97257  0.97320  0.97381  0.97441  0.97500  0.97558  0.97615  0.97670 
2.0  0.97725  0.97778  0.97831  0.97882  0.97932  0.97982  0.98030  0.98077  0.98124  0.98169 
2.1  0.98214  0.98257  0.98300  0.98341  0.98382  0.98422  0.98461  0.98500  0.98537  0.98574 
2.2  0.98610  0.98645  0.98679  0.98713  0.98745  0.98778  0.98809  0.98840  0.98870  0.98899 
2.3  0.98928  0.98956  0.98983  0.99010  0.99036  0.99061  0.99086  0.99111  0.99134  0.99158 
2.4  0.99180  0.99202  0.99224  0.99245  0.99266  0.99286  0.99305  0.99324  0.99343  0.99361 
2.5  0.99379  0.99396  0.99413  0.99430  0.99446  0.99461  0.99477  0.99492  0.99506  0.99520 
2.6  0.99534  0.99547  0.99560  0.99573  0.99585  0.99598  0.99609  0.99621  0.99632  0.99643 
2.7  0.99653  0.99664  0.99674  0.99683  0.99693  0.99702  0.99711  0.99720  0.99728  0.99736 
2.8  0.99744  0.99752  0.99760  0.99767  0.99774  0.99781  0.99788  0.99795  0.99801  0.99807 
2.9  0.99813  0.99819  0.99825  0.99831  0.99836  0.99841  0.99846  0.99851  0.99856  0.99861 
3.0  0.99865  0.99869  0.99874  0.99878  0.99882  0.99886  0.99889  0.99893  0.99896  0.99900 
3.1  0.99903  0.99906  0.99910  0.99913  0.99916  0.99918  0.99921  0.99924  0.99926  0.99929 
3.2  0.99931  0.99934  0.99936  0.99938  0.99940  0.99942  0.99944  0.99946  0.99948  0.99950 
3.3  0.99952  0.99953  0.99955  0.99957  0.99958  0.99960  0.99961  0.99962  0.99964  0.99965 
3.4  0.99966  0.99968  0.99969  0.99970  0.99971  0.99972  0.99973  0.99974  0.99975  0.99976 
3.5  0.99977  0.99978  0.99978  0.99979  0.99980  0.99981  0.99981  0.99982  0.99983  0.99983 

 
 

   N(0,1) Quantiles:     This table gives values of F-1(p) for p ≥ 0.5   

p  0.00  0.01  0.02  0.03  0.04  0.05  0.06  0.07  0.075  0.08  0.09  0.095 
0.5  0.0000  0.0251  0.0502  0.0753  0.1004  0.1257  0.1510  0.1764  0.1891  0.2019  0.2275  0.2404 
0.6  0.2533  0.2793  0.3055  0.3319  0.3585  0.3853  0.4125  0.4399  0.4538  0.4677  0.4959  0.5101 
0.7  0.5244  0.5534  0.5828  0.6128  0.6433  0.6745  0.7063  0.7388  0.7554  0.7722  0.8064  0.8239 
0.8  0.8416  0.8779  0.9154  0.9542  0.9945  1.0364  1.0803  1.1264  1.1503  1.1750  1.2265  1.2536 
0.9  1.2816  1.3408  1.4051  1.4758  1.5548  1.6449  1.7507  1.8808  1.9600  2.0537  2.3263  2.5758 

 

N(0,1) Cumulative 
Distribution Function  
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Chi‐Squared Quantiles

This table gives values of x for p = P(X ≤ x) =  F(x)

df\p 0.005 0.01 0.025 0.05 0.1 0.9 0.95 0.975 0.99 0.995
1 0.000 0.000 0.001 0.004 0.016 2.706 3.842 5.024 6.635 7.879
2 0.010 0.020 0.051 0.103 0.211 4.605 5.992 7.378 9.210 10.597
3 0.072 0.115 0.216 0.352 0.584 6.251 7.815 9.348 11.345 12.838
4 0.207 0.297 0.484 0.711 1.064 7.779 9.488 11.143 13.277 14.860
5 0.412 0.554 0.831 1.146 1.610 9.236 11.070 12.833 15.086 16.750
6 0.676 0.872 1.237 1.635 2.204 10.645 12.592 14.449 16.812 18.548
7 0.989 1.239 1.690 2.167 2.833 12.017 14.067 16.013 18.475 20.278
8 1.344 1.647 2.180 2.733 3.490 13.362 15.507 17.535 20.090 21.955
9 1.735 2.088 2.700 3.325 4.168 14.684 16.919 19.023 21.666 23.589
10 2.156 2.558 3.247 3.940 4.865 15.987 18.307 20.483 23.209 25.188
11 2.603 3.054 3.816 4.575 5.578 17.275 19.675 21.920 24.725 26.757
12 3.074 3.571 4.404 5.226 6.304 18.549 21.026 23.337 26.217 28.300
13 3.565 4.107 5.009 5.892 7.042 19.812 22.362 24.736 27.688 29.819
14 4.075 4.660 5.629 6.571 7.790 21.064 23.685 26.119 29.141 31.319
15 4.601 5.229 6.262 7.261 8.547 22.307 24.996 27.488 30.578 32.801
16 5.142 5.812 6.908 7.962 9.312 23.542 26.296 28.845 32.000 34.267
17 5.697 6.408 7.564 8.672 10.085 24.769 27.587 30.191 33.409 35.718
18 6.265 7.015 8.231 9.391 10.865 25.989 28.869 31.526 34.805 37.156
19 6.844 7.633 8.907 10.117 11.651 27.204 30.144 32.852 36.191 38.582
20 7.434 8.260 9.591 10.851 12.443 28.412 31.410 34.170 37.566 39.997
21 8.034 8.897 10.283 11.591 13.240 29.615 32.671 35.479 38.932 41.401
22 8.643 9.542 10.982 12.338 14.041 30.813 33.924 36.781 40.289 42.796
23 9.260 10.196 11.689 13.091 14.848 32.007 35.172 38.076 41.638 44.181
24 9.886 10.856 12.401 13.848 15.659 33.196 36.415 39.364 42.980 45.559
25 10.520 11.524 13.120 14.611 16.473 34.382 37.652 40.646 44.314 46.928
26 11.160 12.198 13.844 15.379 17.292 35.563 38.885 41.923 45.642 48.290
27 11.808 12.879 14.573 16.151 18.114 36.741 40.113 43.195 46.963 49.645
28 12.461 13.565 15.308 16.928 18.939 37.916 41.337 44.461 48.278 50.993
29 13.121 14.256 16.047 17.708 19.768 39.087 42.557 45.722 49.588 52.336
30 13.787 14.953 16.791 18.493 20.599 40.256 43.773 46.979 50.892 53.672
40 20.707 22.164 24.433 26.509 29.051 51.805 55.758 59.342 63.691 66.766
50 27.991 29.707 32.357 34.764 37.689 63.167 67.505 71.420 76.154 79.490
60 35.534 37.485 40.482 43.188 46.459 74.397 79.082 83.298 88.379 91.952
70 43.275 45.442 48.758 51.739 55.329 85.527 90.531 95.023 100.430 104.210
80 51.172 53.540 57.153 60.391 64.278 96.578 101.880 106.630 112.330 116.320
90 59.196 61.754 65.647 69.126 73.291 107.570 113.150 118.140 124.120 128.300
100 67.328 70.065 74.222 77.929 82.358 118.500 124.340 129.560 135.810 140.170
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Student t Quantiles
This table gives values of x  for p  = P(X  ≤ x ) =  F (x ), for p ≥ 0.6

df \ p 0.6 0.7 0.8 0.9 0.95 0.975 0.99 0.995 0.999 0.9995
1 0.3249 0.7265 1.3764 3.0777 6.3138 12.7062 31.8205 63.6567 318.3088 636.6192
2 0.2887 0.6172 1.0607 1.8856 2.9200 4.3027 6.9646 9.9248 22.3271 31.5991
3 0.2767 0.5844 0.9785 1.6377 2.3534 3.1824 4.5407 5.8409 10.2145 12.9240
4 0.2707 0.5686 0.9410 1.5332 2.1318 2.7764 3.7469 4.6041 7.1732 8.6103
5 0.2672 0.5594 0.9195 1.4759 2.0150 2.5706 3.3649 4.0321 5.8934 6.8688
6 0.2648 0.5534 0.9057 1.4398 1.9432 2.4469 3.1427 3.7074 5.2076 5.9588
7 0.2632 0.5491 0.8960 1.4149 1.8946 2.3646 2.9980 3.4995 4.7853 5.4079
8 0.2619 0.5459 0.8889 1.3968 1.8595 2.3060 2.8965 3.3554 4.5008 5.0413
9 0.2610 0.5435 0.8834 1.3830 1.8331 2.2622 2.8214 3.2498 4.2968 4.7809

10 0.2602 0.5415 0.8791 1.3722 1.8125 2.2281 2.7638 3.1693 4.1437 4.5869
11 0.2596 0.5399 0.8755 1.3634 1.7959 2.2010 2.7181 3.1058 4.0247 4.4370
12 0.2590 0.5386 0.8726 1.3562 1.7823 2.1788 2.6810 3.0545 3.9296 4.3178
13 0.2586 0.5375 0.8702 1.3502 1.7709 2.1604 2.6503 3.0123 3.8520 4.2208
14 0.2582 0.5366 0.8681 1.3450 1.7613 2.1448 2.6245 2.9768 3.7874 4.1405
15 0.2579 0.5357 0.8662 1.3406 1.7531 2.1314 2.6025 2.9467 3.7328 4.0728
16 0.2576 0.5350 0.8647 1.3368 1.7459 2.1199 2.5835 2.9208 3.6862 4.0150
17 0.2573 0.5344 0.8633 1.3334 1.7396 2.1098 2.5669 2.8982 3.6458 3.9651
18 0.2571 0.5338 0.8620 1.3304 1.7341 2.1009 2.5524 2.8784 3.6105 3.9216
19 0.2569 0.5333 0.8610 1.3277 1.7291 2.0930 2.5395 2.8609 3.5794 3.8834
20 0.2567 0.5329 0.8600 1.3253 1.7247 2.0860 2.5280 2.8453 3.5518 3.8495
21 0.2566 0.5325 0.8591 1.3232 1.7207 2.0796 2.5176 2.8314 3.5272 3.8193
22 0.2564 0.5321 0.8583 1.3212 1.7171 2.0739 2.5083 2.8188 3.5050 3.7921
23 0.2563 0.5317 0.8575 1.3195 1.7139 2.0687 2.4999 2.8073 3.4850 3.7676
24 0.2562 0.5314 0.8569 1.3178 1.7109 2.0639 2.4922 2.7969 3.4668 3.7454
25 0.2561 0.5312 0.8562 1.3163 1.7081 2.0595 2.4851 2.7874 3.4502 3.7251
26 0.2560 0.5309 0.8557 1.3150 1.7056 2.0555 2.4786 2.7787 3.4350 3.7066
27 0.2559 0.5306 0.8551 1.3137 1.7033 2.0518 2.4727 2.7707 3.4210 3.6896
28 0.2558 0.5304 0.8546 1.3125 1.7011 2.0484 2.4671 2.7633 3.4082 3.6739
29 0.2557 0.5302 0.8542 1.3114 1.6991 2.0452 2.4620 2.7564 3.3962 3.6594
30 0.2556 0.5300 0.8538 1.3104 1.6973 2.0423 2.4573 2.7500 3.3852 3.6460
40 0.2550 0.5286 0.8507 1.3031 1.6839 2.0211 2.4233 2.7045 3.3069 3.5510
50 0.2547 0.5278 0.8489 1.2987 1.6759 2.0086 2.4033 2.6778 3.2614 3.4960
60 0.2545 0.5272 0.8477 1.2958 1.6706 2.0003 2.3901 2.6603 3.2317 3.4602
70 0.2543 0.5268 0.8468 1.2938 1.6669 1.9944 2.3808 2.6479 3.2108 3.4350
80 0.2542 0.5265 0.8461 1.2922 1.6641 1.9901 2.3739 2.6387 3.1953 3.4163
90 0.2541 0.5263 0.8456 1.2910 1.6620 1.9867 2.3685 2.6316 3.1833 3.4019

100 0.2540 0.5261 0.8452 1.2901 1.6602 1.9840 2.3642 2.6259 3.1737 3.3905
>100 0.2535 0.5247 0.8423 1.2832 1.6479 1.9647 2.3338 2.5857 3.1066 3.3101
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